We theoretically analyze the performance of the nuclear magnetic resonance (NMR) spectroscopy with a superconducting flux qubit (FQ). Such NMR with the FQ is attractive because of the possibility to detect the relatively small number of nuclear spins in a local region (∼ µm) with low temperatures (∼ mK) and low magnetic fields (∼ mT), in which other types of quantum sensing schemes cannot easily access. A sample containing nuclear spins is directly attached on the FQ, and the FQ is used as a magnetometer to detect magnetic fields from the nuclear spins. Especially, we consider two types of approaches to NMR with the FQ. One of them is to use spatially inhomogeneous excitations of the nuclear spins, which are induced by a spatially asymmetric driving with radio frequency (RF) pulses. Such an inhomogeneity causes a change in the DC magnetic flux penetrating a loop of the FQ, which can be detected by a standard Ramsey measurement on the FQ. The other approach is to use a dynamical decoupling on the FQ to measure AC magnetic fields induced by Larmor precession of the nuclear spins. In this case, neither a spin excitation nor a spin polarization is required since the signal comes from fluctuating magnetic fields of the nuclear spins. We calculate the minimum detectable density (number) of the nuclear spins for the FQ with experimentally feasible parameters. We show that the minimum detectable density (number) of the nuclear spins with these approaches is around 10 21 /cm 3 (10 8 ) with an accumulation time of a second.
I. INTRODUCTION
Nuclear magnetic resonance (NMR) and magnetic resonance imaging (MRI) are attractive techniques to analyze properties of the nuclear spins and these techniques have a wide variety of the applications such as chemical analysis including determination of the protein structure, the study for molecular diffusion and biological imaging [1] [2] [3] [4] . Typically, in these techniques, an oscillating magnetic field from the target nuclear spin ensemble is induced by irradiating radio frequency (RF) pulses and the magnetic field is detected by a surrounding coil through inductive coupling. There are many variations of the techniques to improve sensitivity and spatial resolution such as dynamic nuclear polarization [5] , SQUID detected NMR [6] , MRFM [7] , microslot waveguide NMR probe [8] and an external high-Q resonator [9] .
Recently, a new approach to detect nuclear spins by using an electron spin of the nitrogen-vacancy (NV) center in diamond has been demonstrated [10] [11] [12] . The NV center is used as an effective two-level system (qubit) and has a long coherence time such as 2 milliseconds at a room temperature [13] [14] [15] . It can be controlled by the microwave pulses and can * Electronic address: miyanishi@qc.ee.es.osaka-u.ac.jp † Electronic address: matsuzaki.yuichiro@aist.go.jp; Current Address: Nanoelectronics Research Institute, National Institute of Advanced Industrial Science and Technology (AIST), 1-1-1 Umezono, Tsukuba, Ibaraki 305-8568 Japan be read out via the detection of photoluminescence from the NV center at the room temperature. The nuclear spins with zero or almost zero polarization have Larmor precession to induce AC magnetic fields with random fluctuating amplitude and phase. Such a randomized AC magnetic field can be detected by implementing a spin echo or dynamical decoupling on the NV centers [11, 12, 16] . In these schemes, intervals of π pulses are swept so that the resonance can be observed when the inverse of the intervals corresponds to twice the Larmor frequency of the nuclear spins. Since the NV center has the long coherence time and the strong coupling strength due to the short distance between the NV center and nuclear spin, the sensitivity of such NMR is approaching a level of a single nuclear spin detection [16] . In the sensing approach using qubits, the sensitivity can be improved by entangling qubits [17] and the entanglement between NV centers has been extensively studied [18, 19] . However, since the NV center is coupled with the nuclear spins via a dipole-dipole interaction whose strength decreases by 1/r 3 , where r denotes the distance between them, the NV center can only detect nuclear spins with a distance of tens of nanometers in the current technology.
In this paper, we propose an approach to detect nuclear spins by using a superconducting flux qubit (FQ) [20] . The FQ is an artificial atom with a size of a few µm. The FQ has been considered as one of the promising systems to realize a quantum computer. Extensive efforts have been devoted to improve performance of the FQ [21] [22] [23] [24] [25] [26] [27] [28] and multi-qubit entanglement has been realized [29] . It is possible to implement a single qubit rotation with high fidelity, and also we can read out the FQ by using a microwave resonator or a Josephson bifurca- A spin sample containing target nuclear spins is attached on the FQ. A static magnetic field is applied along the z-direction to polarize the nuclear spins. We will drive the nuclear spins by AC currents through the RF line until the nuclear spin system reaches a steady state. The side of the FQ square is a length of L. The distance between the spin sample and the FQ is h. A line to apply RF pulses is located with a distance of zRF from the FQ, and Bex is the external magnetic field applied for polarizing the nuclear spins. Since Bex is applied in the z-direction, this does not affect the penetrating magnetic flux of the loop of the FQ. We define the distance rj = | rj| between the j-th spin and the RF line and the angle θj between rj and z axis.
tion amplifier where a readout visibility can reach more than 80% [22, 23, 30, 31] . The frequency of the FQ can be shifted by changing a magnetic flux penetrating a qubit loop. Therefore, we can measure magnetic fields by using the FQ [32] . There is inductive coupling between the FQ and an electron spin [33] [34] [35] [36] [37] . The coupling strength is approximately scaled as 1/r as long as r is comparable or smaller than the characteristic length of the FQ, where r denotes the distance between the FQ and the spin. Hence it is in principle possible to detect the spin far from the FQ [33, 34, 38] . There are many potential applications by using this property such as a quantum memory [33-35, 39, 40] or magnetic field sensing [41, 42] . Although there are several types of researches to detect local electron spins using superconducting resonators [43] [44] [45] [46] [47] , it is discussed that the FQ has a reasonable advantage to detect electron spins in a narrower region with high sensitivity [48] . Recently, by using the FQ as a detector of magnetization of electron spins, electron spin resonance (ESR) was demonstrated, and hundreds of the electron spin with a volume of 50 femtoliters can be detected by a total accumulation time of a second [48] . These results show the excellent potential of the FQ to detect nuclear spins, and we theoretically investigate the performance of the FQ for NMR.
We consider two schemes for NMR with the FQ to analyze their performance. In the first scheme, the FQ detects a DC magnetic field from the nuclear spins by using spatially inhomogeneous excitations of the nuclear spins. This method has been used to realize the electron spin resonance with the FQ [48] . In this scheme, we use an on-chip RF line near the FQ for driving the nuclear spins. The schematic of our setup is shown in Fig. 1 . The essential idea is that the partial excitation of the spins by the asymmetric driving induces a difference of the DC magnetic flux penetrating the loop of the FQ due to the driving. In the second scheme, the FQ detects an AC magnetic field from the nuclear spins which are induced from the Larmor precession of the nuclear spins. Here, we use a dynamical decoupling on the FQ to detect the AC magnetic fields. This approach has been used to demonstrate NMR with the NV centers in diamond as previously discussed [11] .
Our paper is organized as follows. In Sec. II, we review the standard general magnetic field sensing schemes with a qubit. In Sec. III, we describe NMR spectroscopy with an FQ using these two schemes. In Sec. IV, we show our numerical results for the minimum detectable density and the minimum detectable number of the nuclear spins. In Sec. V, we conclude our discussion.
II. MAGNETIC FIELD SENSING WITH A QUBIT
Here, we review standard sensing schemes to detect either DC or AC magnetic field with a qubit [17] .
A. DC magnetic field sensing
Suppose that a frequency of a qubit is shifted by magnetic fields so that the Hamiltonian in the rotating frame of the qubit frequency can be described bŷ
whereσ z = |0 0| − |1 1| is the Pauli Z operator, ∆ω DC = ω DC − ω DC denotes a detuning of the qubit, and ω DC (ω DC ) is a frequency of the qubit without (with) an applied DC magnetic field. ω DC is a function of the applied magnetic fields. Throughout this paper, we set = 1. The basic strategy for the sensing is to know the deviation of the frequency from the original one ω DC . First, prepare |+ = (|0 +|1 )/ √ 2 state by applying a π 2 pulse to the qubit. Second, let this state evolve by the Hamiltonian for a time τ . Finally, we readout the state by a projection operator described byP y = 1+σy 2 . By repeating these processes within a total time T tot , we can obtain the average value of the projective measurements. Since the expectation value ofP y has a dependence on ∆ω DC , we can derive the value of ∆ω DC and estimate DC magnetic field from the average of them.
B. AC magnetic field sensing
To detect AC magnetic fields, we can perform a dynamical decoupling on a qubit. The Hamiltonian of the qubit with the applied AC magnetic field in a rotating frame is described aŝ
where λ AC is the amplitude of the change in the energy bias of the qubit due to the AC magnetic field and ω AC is the frequency of the AC magnetic field. We can implement the dynamical decoupling on the qubit by using the following sequence. First, prepare a |+ state by applying a The arrows in the spin sample denote the nuclear spins which are polarized to parallel or anti-parallel to the Bex. a, In the strong driving limit, the nuclear spins are completely unpolarized, which is represented byÎ/2, where the signals from the nuclear spins to the FQ are cancelled out. b, With optimized driving power, the polarization rate of the nuclear spins are spatially inhomogeneous so that the FQ can detect the change in DC magnetic fields penetrating the loop of the FQ. Theρ th,j is the state of the j-th nuclear spin at a thermal state. Although we consider a zero temperature case in this figure for simplicity, our idea can be also applied with a finite temperature case.
the qubit. Second, let this state evolve by the Hamiltonian for a time τ while we perform π pulses with time τ . Finally, we read out the state by a projection operator described bŷ P x = 1+σx 2 . It is worth mentioning that the time interval of the π pulses should be approximately set as τ 2π/ω AC so that the qubit flip interval can synchronize with the AC magnetic field for the sensitive detection, where we assume the pulse lengths are much shorter than τ . Similar to the DC magnetic field sensing, by repeating these processes within the total time T tot , we can experimentally obtain the average value of the projective measurements. Since the expectation value ofP x has a dependence on the λ AC , we can estimate the amplitude of the AC magnetic fields from the average value.
III. NMR SENSING SCHEME WITH A FLUX QUBIT
Here, we describe two sensing schemes to detect the NMR signal with the FQ. The first scheme uses the DC magnetic field sensing and we call this a Ramsey measurement with asymmetric driving. The other scheme uses a spin echo or a dynamical decoupling on the FQ to detect AC magnetic fields induced by the Larmor precession of the nuclear spins. The schematic of our setup is shown in Fig. 1 . A spin sample containing nuclear spins is directly attached on the FQ. The gyromagnetic ratio of the proton is the largest among typical nuclear spins. This means that, as a proof of principle experiment of NMR using the FQ, it is suitable to use the protons as the target spins. Therefore, throughout this paper, we consider the spin sample which includes the proton spins homogeneously.
A. NMR using Ramsey measurement with asymmetric driving
We describe NMR using a Ramsey measurement with asymmetric driving. The FQ detects a magnetic flux penetrating the qubit loop. The magnetic flux is derived by integrating the x component of magnetic flux from spins. Here, we consider the case that the size of the spin samples is large enough compared to the FQ. When we drive the spins asymmetrically, the total magnetic flux from the spins arises, and this generates changes in the FQ signals before and after the driving as shown in the Fig. 2 . On the other hand, if all spins become completely mixed states due to the strong driving, the total magnetic flux penetrating the qubit loop is cancelled out, and the FQ cannot obtain any signal change.
The Hamiltonian of our sensing system is written by using the Hamiltonian for the FQ, the spins, and the interaction between them as bellow,
Here = 2I p (Φ − Φ 0 /2) is the frequency detuning, I p is the persistent current of the FQ, Φ = B ex,⊥ L 2 is the magnetic flux penetrating the FQ, Φ 0 is the magnetic flux quanta,
is the Pauli Z (X) operator of the FQ, B ex,⊥ , which is used for qubit control, is the x component of the external magnetic field, ∆ is the gap frequency of the flux qubit, σ
is the Pauli Z operator for the j-th spin,σ
) is the spin vector of the j-th spin, M is the total number of the spins, γ is the gyromagnetic ratio of the spins, B (FQ) j is the magnetic field induced by the FQ at the j-th spin,
ex is the Larmor frequency of the j-th spin, B
ex is the external magnetic field at the j-th spin, ω = γB ex is the average frequency of the spins, δω j = γδB (j) ex is the frequency deviation of the j-th spin from the average, δB (j) ex denotes randomized local magnetic field from the environment at the j-th spin, λ RF,j = γµ0IRF 2πrj cos θ j is the coupling strength of the j-th spin with the RF line, µ 0 is the vacuum permittivity, r j (r j ) is the vector (distance) from the RF line to the spin, θ j is the elevation angle between the FQ surface and r j (as shown in Fig. 1 ), and I RF is the current in the RF line. We can diagonalize the flux qubit term by us-
This is the simplified Hamiltonian for the FQ and nuclear spins. Next, we consider the Hamiltonian for a Ramsey measurement with asymmetric driving. In a rotating frame for the FQ and the spins, which rotates at the frequency of ω and ω j , this Hamiltonian becomeŝ
whereγ = γ /ω FQ , we use the rotating-wave approximation for the FQ and the spins, while assuming that ω RF = ω and 1/δω j is much larger than the time scale of this sequence. The coupling strength between the FQ and the j-th spinγB
can be seen as the energy splitting of the FQ due to the effective DC magnetic field from the j-th spin γ B
is the derivative of the qubit frequency with respect to the magnetic field B ⊥ penetrating the loop of the FQ, and B (spin) z,j denotes the DC magnetic field at the FQ induced by j-th spin. When we consider a case without driving the nuclear spins (λ RF,j = 0), we can simplify the Hamiltonian as follows.
Here, we assume that the nuclear spins reach a thermal equilibrium state so that we can classically treat the nuclear spins. By tracing out the freedom of the nuclear spin state, only the magnetization from the nuclear spin state remains in the Hamiltonian to affect the dynamics of the FQ. Especially, we define σ
as an expectation value of Pauli Z operator for the j-th spin in the case of the thermalized nuclear-spin state without the RF driving. On the other hand, we define σ
as an expectation value of Pauli Z operator for the j-th spin when the nuclear-spin state is in steady state by the RF driving.
We can use a pulse sequence of the standard DC magnetic field sensing for the detection of the nuclear spins as shown in Fig. 3 . In our scheme, the difference of the spin polarization between before and after the RF driving induces an effective DC magnetic fields to the FQ. By setting ω = The pulse sequence for a Ramsey measurement with asymmetric driving. After the nuclear spins are excited by the RF pulse, the Ramsey interference measurements performed N times.σz means the measurement in the z-direction.
, the detuning caused by the RF driving is defined as
and the Hamiltonian for the Ramsey measurement becomeŝ
In the end, the signal P AD is calculated as
where |+ +| (FQ) = |+ (FQ)(FQ) +| and we assume that ∆ω FQ τ AD 1. To maximize the detuning ∆ω FQ , we optimize the position of the RF line and the Rabi frequency. For this purpose, we need to calculate σ We will solve the Lindblad master equation of the j-th spin for calculating σ
. It is worth mentioning that, while we drive the nuclear spins by the RF pulses, the FQ is in a ground state. In this case, we can trace out the FQ term from the Hamiltonian by takingσ (FQ) z = −1. Then, the master equation is given as whereĤ j is the Hamiltonian for the j-th spin andL j is the Lindblad superoperator for the j-th spin. With RF driving, the Hamiltonian for the j-th spin iŝ
In a rotating frame for the nuclear spin, the Hamiltonian is described asĤ
where we assume that ω RF = ω and δω j γB
z,j , and we use the rotating-wave approximation. The superoperatorL j is described aŝ
where Γ is the longitudinal relaxation rate,σ +,j =σ † −,j = |1 jj 0| is the raising operator and s = denotes a probability that the spin is excited at the thermal equilibrium state. For a given frequency deviation δω j , we solve the master equation (13) for the steady state, and obtain the polarization difference between the thermal and saturated state
However, in the real systems, the nuclear spins are affected by a low-frequency magnetic field noise δB
ex from the environment. To take into account this effect, we consider an ensemble average of the frequency deviation with a Gaussian weight as follows.
whereΓ is linewidth of the frequency δω j due to the environmental magnetic field noise and Erfc[·] is a complementary error function. Since the energy relaxation is typically much weaker than the low-frequency magnetic field noise, we assume that Γ Γ throughout this paper [49] [50] [51] and we set Γ = 10 −3 ×Γ in the calculation. (It is worth mentioning that our results are not significantly changed for any value of Γ as long as the condition of Γ ≤ 10 −3 ×Γ is satisfied, which we numerically confirmed.) We need a position depen-
to evaluate the effect of the spatially in-homogeneous excitation of the nuclear spins after the RF driving. To illustrate such an asymmetric excitation, the density plot of normalized polarization ∆ σ
is shown in Fig. 4 . As the nuclear spins are located closer to the RF line, the excitation ratio after the driving becomes larger so that the spin excitation ratio can be spatially inhomogeneous in our setup.
To optimize the position of the RF line and the current of the RF pulse, we plot ∆ω FQ /∆ω FQ,max in the Eq. (10) as a function of z RF and the γµ 0 I RF /ΓR in Fig. 5 . This shows that ∆ω FQ /∆ω FQ,max is optimized when γµ 0 I RF /ΓR 1 is satisfied for 1 µm < z RF < 3 µm. In the actual experiment, the current in the RF line can be as large as a few mA. This means that, as long asΓ < 10 5 s −1 , we can optimize the signal by controlling the I RF . Therefore, throughout this paper, we fix the value of z RF , because we can obtain almost the same optimal signal by choosing I RF for a given z RF as shown in the Fig. 5 . Therefore, in the calculation section (Section IV), we fix the value of z RF , because we can obtain almost the same optimal signal by choosing I RF for a given z RF as shown in the Fig. 5 .
For more realistic estimation, we consider the effect of the dephasing of the FQ and an imperfect readout. We adopt a dephasing channel of the FQ such asÊ(ρ) = pρ
for a density matrix of the FQρ, where p = AD τAD denotes a probability to induce the dephasing during the interaction time τ AD , Γ
(FQ) AD = 1/T * 2 denotes the dephasing rate of the FQ and T * 2 is the dephasing time for a Ramsey measurement. The qubit state before the readout step can be described aŝ
After the readout byP y we can get the signal as
Suppose a perfect measurement apparatus (MA) was available, the MA would provide us with a specific detection signal (such as a large electrical current) if and only if the state of the FQ is |e (FQ) while the MA would not generate such detection signal with a state of |g (FQ) , where |e(g) (FQ) denotes that the state of the FQ is the excited (ground) state. However, the measurement apparatus is imperfect in the actual experiment, and the measurement results may not correspond to the actual state of the FQ. To include such an imperfection, we adopt a model that the FQ is depolarized due to the interaction with the MA by the following error channel
where η is the depolarization ratio. We assume that a projective measurement can be implemented only after the FQ is affected by this error channel. In this case, the signal can be described as
AD τAD ∆ω FQ τ AD .
In order to quantify the accuracy of the measurement process, we define a probability that the imperfect MA shows the detection signal (that is expected to occur when the FQ is excited) as p(detect ). In our model, the visibility is described as V = 1−η. From this relationship, the signal of the FQ can be described as
Next, we consider the optimization of the interaction time τ AD . In our scheme, we measure DC magnetic fields from the nuclear spins. According to the standard prescription of the quantum metrology [17] , we will consider the uncertainty of the estimation of the target fields as follows
where
is the effective DC magnetic field from the nuclear spins, N = T tot /T rep is the number of repetitions, and T rep is the time required for a single measurement. The interaction time τ AD to minimize this uncertainty is τ
B. NMR using dynamical decoupling
We describe the NMR by using the dynamical decoupling on the FQ. We adopt the same Hamiltonian as the Eq.(7). We detect Larmor precession of the nuclear spins, which induces AC magnetic fields. We can use a pulse sequence shown in Fig. 6 with 2n − 1 π pulses. This technique has been used to detect nuclear spins by using a single NV center [11] . It is worth mentioning that neither RF driving (λ RF = 0) nor polarization of the nuclear spins is required for this detection. For simplicity, we consider the case of single nuclear spin coupled with the FQ. In a rotating frame for the FQ which rotates at the frequency of ω FQ , the Hamiltonian in the Eq. (7) for the FQ and the j-th spin becomeŝ
is the amplitude of the magnetic field in an x-y plane andσ
. In a rotating frame for the spin, the last term can be regarded as a coupling of the AC magnetic field from the nuclear spins and the magnetic field from the FQ [52] . Similar to the case of the Ramsey measurement with asymmetric driving, we use a relationship ofγB z,j , the Hamiltonian is rewritten aŝ
. In this section, we consider a case of n = 1, which is called a spin echo. Let this evolve by the Hamiltonian for a time τ DD /2, and we obtain
After performing a π pulse on the FQ, let the state evolve for a time τ DD /2, and we obtain
By reading out the state of the FQ with a projection operatorP x = 1+σx 2 , we have
So, the signal will be calculated as
for ω j γ B
(spin) ⊥,j . It is worth mentioning that since the signal does not depend on the initial spin state |± (spin) j , we obtain the same signal as Eq. (28) even when the initial spin state is completely mixed such asρ
. This shows that the polarization of the nuclear spins is not required to perform the NMR when we use the spin echo on the FQ.
We generalize this idea to the case of M nuclear spins. The state before the readout step is described as
By readout the state byP x , we obtain
(spin) ⊥,j . Similar to the case of the FQ coupled with a single nuclear spin discussed above, we obtain the same signal even when the initial spin state is completely mixed. We can obtain the signal when we perform π pulses 2n − 1 times, which corresponds to the case of the dynamical decoupling.
In this section, to understand the basic properties of the NMR with the FQ via the AC magnetic fields from the nuclear spins, we mainly discuss the simplest spin-echo case to perform a single π pulse on the FQ, while we show the detailed calculation of the case to perform the dynamical decoupling in Appendix A.
As is the case with the Ramsey measurement with asymmetric driving, the nuclear spins are affected by lowfrequency magnetic fields noise δB (j) ex from the environment. To take into account this effect, we consider an ensemble average of the frequency with a Gaussian weight as follows.
where we assumeΓ ω. So, the signal does not depend on the linewidthΓ as long as the higher order terms of |Γ/ω| is negligible.
We consider the dephasing of the FQ and an imperfect readout. Due to the dephasing, the density matrix of the total system before the readout step is described aŝ
where Γ (FQ) DD = 1/T 2 is the dephasing rate of the FQ for dynamical decoupling. Then, the signal with the imperfect readout is described as
Although the signal described here is the case of the spin echo, we show the signal form with the case of the general dynamical decoupling in the appendix A.
In our scheme, we measure an amplitude of AC magnetic fields generated by the nuclear spins. According to the standard prescription of the quantum metrology [17] , we will consider the uncertainty of the estimation of the target fields as follows
denotes effective AC magnetic fields from the nuclear spins. The interaction time τ DD is numerically determined to minimize this uncertainty δB AC .
IV. THE DETECTABLE DENSITY AND NUMBER OF THE NUCLEAR SPINS BY NMR WITH THE FQ
To compare the performance of the two schemes (Ramsey measurement and dynamical decoupling), we will calculate the detectable density and the number of nuclear spins by using these two schemes. To calculate the minimum detectable density of the nuclear spins, we consider a circumstance that a large spin sample containing nuclear spins is attached on the FQ with a minimum distance of h as shown in Fig. 1 . On the other hand, to calculate the minimum detectable number of nuclear spins, we consider a spin sample whose size is smaller than the FQ. For the calculations, we set the temperature T = 20 mK, the qubit gap frequency ∆/2π = 5.37 GHz, the frequency detuning /2π = 0.112 GHz, the persistent current I FQ = 180 nA, the visibility V = 0.79, the repetition time T rep 100 µs, the dephasing time for a Ramsey measurement T * 2 = 1 µs, the dephasing time for a dynamical decoupling with n = 1, 2, 4, 6, 8, 10 is T 2 = 5.00, 6.63, 8.91, 10.8, 12.4, 13.6 µs, and the distance between the RF line and the FQ is set as z RF = 2 µm. We use these parameters based on recent experimental results shown in [53] . Also, we assume that the target nuclear spin is proton with a gyromagnetic ratio of γ/2π
42.6 MHz/T, and the electric current for the RF driving strength is optimized.
A. The minimum detectable density for NMR with the FQ To calculate the minimum detectable density, we define signal-to-noise ratio (SN R). In our NMR with the FQ, the signal is an amplitude of the effective magnetic field from the nuclear spins while the noise is the uncertainty of the estimation. When we fix the other parameters, both the signal and noise just depend on the density of the nuclear spins. So we define the minimum detectable density ρ for the spin echo scheme. Also, we assume that the size of the spin sample containing the nuclear spins is 2.5L × 2.5L × 2L. Around the edge of the spin sample with this size, the Zeeman splitting of the nuclear spin due to the magnetic fields from the FQ becomes 3 order of magnitude smaller than the largest Zeeman splitting of the nuclear spins located above the FQ line. This means that, although a much larger spin sample such as a few millimeters is attached on the FQ in the real experiment [48] , the size adopted in our calculation is large enough to consider the effective coupling between the FQ and the nuclear spins. 
FIG. 7:
The minimum detectable density against the distance h between the spin sample and the FQ by using the Ramsey measurement with asymmetric driving a and the spin echo scheme b. The red, blue, and green dots indicate the FQ size 2 µm, 6 µm, and 10 µm, respectively. The numerical results for the minimum detectable density against the height h and the size L for these two schemes are shown in Fig. 7 . These results show that, with h = 0.1 µm, the minimum detectable density with the Ramsey measurement with asymmetric driving is 2.28, 4.00, 5.56 times smaller than that with the spin echo scheme for the size of 2 µm, 6 µm, 10 µm, respectively. Also, these plots show that, to detect the smaller density spins, it is helpful to increase the size of the FQ and to close the distance between the FQ and the spin sample. It should be noted that, in our calculation, we adopt a coherence time reported in the previous work [53] where the size of the FQ is around 2 µm, and we use the same coherence time of the FQ with different sizes for our calculations. However, in real experiments, a larger FQ would show a shorter coherence time. So, our calculation for the FQ with the size larger than 2 µm would not be available in the current technology, but they show potentially achievable values in the near future technology that could provide us a larger FQ with the reasonably long coherence time. It is worth mentioning that, in these calculations, we set the external magnetic field as B ex = 4 mT. It is known that, if a magnetic field larger than a certain threshold strength is applied, the FQ could be damaged and would not work as a two-level system. Such a threshold magnetic field strength strongly depends on the superconducting material, but it is typically around 4 mT for the FQ with four Josephson junctions [48] . So, in this paper, we mainly consider the applied magnetic fields around 4 mT.
Next, we calculate the minimum detectable density ρ with a Ramsey measurement with asymmetric driving is inversely proportional to the external magnetic field B ex . This is because the signal of a Ramsey measurement with asymmetric driving is proportional to the polarization of the spins and the polarization linearly increases with the external magnetic fields in our parameter range. The ρ (spin) min using spin echo scheme has the minimum value at a certain value of B ex for the following reasons. When the magnetic field gets larger than that value, the signal decreases due to a short interaction time between the FQ and nuclear spins. On the other hand, when the magnetic field gets smaller than that value, the interaction time becomes longer, however, the signal decreases due to the dephasing of the FQ [see Eq. (34)]. In this calculation, the ρ (spin) min using spin echo scheme takes the minimum value at the B ex 1.8 mT. This behavior is quantitatively the same for different sizes of FQs. The minimum detectable density with the spin echo scheme takes the minimum value of ρ (spin) min
10
21 /cm 3 for B ex 1.8 mT where ω = 4π/T 2 is approximately satisfied. This is consistent with the fact that the performance to sense the AC magnetic fields with a frequency of ω by using a qubit becomes optimized for ω 2π/τ and τ T 2 /2 [54] .
We also plot the magnetic field dependence of the ρ (spin) min for multiple π pulses in Fig. 9 . These calculations show that, by increasing both the number of the π pulses and the strength of the applied magnetic fields, we can detect spins with a smaller density. This comes from the fact that increasing the number of the π pulses improves the coherence time, while the time interval between the π pulses becomes shorter, which requires higher Larmor frequency of the nuclear spins to synchronize with the π pulse time interval on the FQ. However, it is known that the FQ cannot stand the high external magnetic field B ex , as we discussed before. Therefore, we consider a case of the applied magnetic field of 4 mT that is close to the strongest applied magnetic fields with the FQ, and we find that the optimal number of the π pulses with this magnetic fields is n = 8.
B. The minimum detectable number of nuclear spins by NMR with the FQ
We discuss how to estimate the minimum detectable number of nuclear spins N (spin) min . In the current experiments, a large spin sample of millimeter size is attached on the FQ [48] . In this setup, the FQ has finite couplings with all nuclear spins in the large spin sample, thus, it is not straightforward to estimate the number of the detected spins. If we naively sum up the number of the spins that have a finite coupling with the FQ, we need to consider every spin in the spin sample, which turned out to be quite large. So, for the estimation of the N (spin) min , we will consider the case that the spin sample is as small as the FQ. More specifically, we consider the setup as shown in Fig. 10 . Since the NMR signal comes from B (spin) z,j for a Ramsey measurement asymmetric driving while the NMR signal comes from B (spin) ⊥,j for dynamical decoupling scheme, the optimized way to put the spin sample for each scheme should be different. The size of the spin sample is l × l × h where l (h ) denotes the width (height), and we set h = 0.1 µm (the distance between the spin sample and the FQ) and h = 0.1 µm. In this calculation, we assume that all nuclear spins are saturated with strong driving fields for the Ramsey measurement. For a given value of l, we calculate the minimum density ρ for the spin sample with the size more than 2L increase more rapidly than that with the spin sample with the size less than 2L. This is because the spin sample with a size much larger than 2L contains many nuclear spins that are only weakly coupled with the FQ due to the long distance between them. With the setup b, the dynamical decoupling scheme can detect the smallest number of spins when the size of the spin sample is approximately equal to the size of the FQ. This is reasonable because the spin sample with the size either much larger or smaller than L makes the average FQ-spin coupling weaker for the dynamical decoupling scheme case. The reason why the setup b is better than the setup c in the dynamical decoupling scheme at l L is that in the setup b, the spin sample can exactly cover the FQ, which provides us with the optimized average coupling strength. N (spin) min for other B ex can be estimated by using both calculation results in Fig. 10 and Fig. 11 .
As we discussed above, we can approximately detect 10 8 nuclear spins with our schemes in realistic conditions. We compare this performance with that by using the other methods. First, we compare the detectable number with the experimental results of the ESR with the FQ [48] . In this experiment, the FQ could detect the ∼ 400 electron spins with an accumulation time of a second. To take the ratio of the gyromagnetic ratio of electron and
The minimum detectable number of the nuclear spins against the size of the spin sample. In the legends, a, b, and c represent the sample configurations shown in Fig. 9 . The NMR with the setup a and c detects the minimum number of the nuclear spins when the size of the spin sample is much smaller than the size of the FQ, while the NMR with the setup b detects it when the size of the spin sample is comparable with that of the FQ.
eration, it is presumed that the order of the detectable nuclear spins is around 10 8 , which is consistent with our numerical results. An NMR using a conventional RF microcoil can detect ∼ 5 × 10 11 nuclear spins at room temperature and static magnetic field of 11.7 T with a 10 min acquisition time [55] . The polarization of the nuclear spins is almost the same for this condition and our condition. Compared to this number, the FQ can detect 10 3 times smaller nuclear spins.
V. CONCLUSION
In conclusion, we theoretically investigate the performance of the nuclear magnetic resonance (NMR) when we use the superconducting flux qubit (FQ) as the detector. For NMR with the FQ, we discuss a Ramsey measurement and a dynamical decoupling. In the former scheme, we asymmetrically drive the nuclear spins by the RF signals, and the FQ detects the DC magnetic fields change due to the driving. In the latter scheme, the FQ detects the AC magnetic field from the nuclear spins due to the Larmor precession. We show that, in either case, the minimum detectable density (number) of the nuclear spins for the FQ is around 10 21 /cm 3 ( 10 8 ) with an accumulation time of a second. Our proposed NMR with the FQ is attractive because of the possibility to detect the nuclear spins at a local region (∼ µm) with low temperature (∼ mK) and low magnetic fields (∼ mT).
n, the signal considering those effect is 
